We report on B-periodic oscillations in the magnetoresistance of a circular magnetic billiard. These arise from singly periodic orbits that return to their point of departure after n bounces on the billiard. A semiclassical calculation of the magnetic field increment required to depin annulus n and n + 1 is in good agreement with the measured period of the resistance oscillations. The magnetoresistance of two-dimensional electron billiards depends critically on the shape of sample boundaries and gives unique insight into the development of classical chaos. 1 Precision lithography and dry etching of high mobility two-dimensional electron gases (2DEGs) have made possible the realization of the well-defined boundaries that are required for these studies. Recent work has focused on antidot lattices, 1-3 elliptical antidots, 4,5 and magnetic stadia. 6 These geometries acquire nonintegrable electron dynamics once a magnetic field is applied. Their phase space shows stable islands, consisting of periodic orbits, surrounded by a chaotic sea. Magnetoresistance peaks were explained by the pinning of periodic orbits to hard wall scatterers. 1 Chaotic trajectories, by contrast, were assumed to run away hence contributing to the conductivity. This pinned/runaway picture was placed on a firm theoretical ground by recent numerical simulations that showed chaotic orbits to be easily swept away by a small electric field. 4,7 Periodic orbits were found to have a long dwell time and to affect the magnetoresistance through both the pinning/depinning mechanism 1,4 and their correlations to the chaotic sea. 7 Integrable systems, such as circular billiards, are also very interesting because the regular/chaotic duality is replaced by the single/ multiperiodicity of the orbits. 8 Single periodic orbits return to the point of departure after just one revolution around the billiard. They only differ by the number of bounces, n, it takes to encircle the billiard. By contrast, multiperiodic orbits return to their point of departure after two or more revolutions and as such have much longer periods. Real billiards have finite mean free path and are subject to small electric fields during measurements. One may therefore expect that the predominant features of the magnetoresistance will arise from the pinning of the shortest orbits that are the most robust against these perturbations.
The magnetoresistance of two-dimensional electron billiards depends critically on the shape of sample boundaries and gives unique insight into the development of classical chaos. 1 Precision lithography and dry etching of high mobility two-dimensional electron gases (2DEGs) have made possible the realization of the well-defined boundaries that are required for these studies. Recent work has focused on antidot lattices, 1-3 elliptical antidots, 4, 5 and magnetic stadia. 6 These geometries acquire nonintegrable electron dynamics once a magnetic field is applied. Their phase space shows stable islands, consisting of periodic orbits, surrounded by a chaotic sea. Magnetoresistance peaks were explained by the pinning of periodic orbits to hard wall scatterers. 1 Chaotic trajectories, by contrast, were assumed to run away hence contributing to the conductivity. This pinned/runaway picture was placed on a firm theoretical ground by recent numerical simulations that showed chaotic orbits to be easily swept away by a small electric field. 4, 7 Periodic orbits were found to have a long dwell time and to affect the magnetoresistance through both the pinning/depinning mechanism 1, 4 and their correlations to the chaotic sea. 7 Integrable systems, such as circular billiards, are also very interesting because the regular/chaotic duality is replaced by the single/ multiperiodicity of the orbits. 8 Single periodic orbits return to the point of departure after just one revolution around the billiard. They only differ by the number of bounces, n, it takes to encircle the billiard. By contrast, multiperiodic orbits return to their point of departure after two or more revolutions and as such have much longer periods. Real billiards have finite mean free path and are subject to small electric fields during measurements. One may therefore expect that the predominant features of the magnetoresistance will arise from the pinning of the shortest orbits that are the most robust against these perturbations. In this paper we demonstrate the discrete annular structure of single period magnetic edge states [10] [11] [12] [13] that drift in a loop of magnetic gradient. This semiclassical annular structure is a universal feature of circular potentials, whether magnetic or electrostatic, when placed in a magnetic field. Its observation demonstrates the wavelength of the meandering magnetic edge states as a physical length scale. A thin ferromagnetic disk was fabricated at the surface of a shallow GaAs/ AlGaAs heterostructure to modulate the twodimensional electron gas with corral-shaped magnetic field profile. The magnetoresistance measured across the corral showed quasiperiodic oscillations whose period is dependent on the electron density. A semiclassical model was constructed to understand the effect of circular boundary conditions on the stability of magnetic edge states. The manifold of single periodic orbits was found to split into discrete annular modes. Each mode consists of two orbits that are expelled simultaneously at a critical value of the magnetic field. We find that the successive depinning of these annular modes fits the periodicity of the resistance oscillations. Magnetic corrals induced by density modulation would have similar effects on composite Fermion systems 14 and hadronic matter at the surface of neutron stars. 15 Experimental devices were fabricated from modulation doped GaAs/ AlGaAs heterostructures with density n s = ͑9.1 − 10.5͒ ϫ 10 15 m −2 and mobility = ͑30− 45͒m 2 V −1 s −1 . Ferromagnetic disks were accurately positioned at the center of a conventional Hall bar using electron beam lithography and lift-off techniques. The ferromagnet was dysprosium. The thickness was h = 75 nm and diameters ͑2R͒ ranged from 2 m to 4 m-see the inset of Fig. 1(b) . This thin aspect ratio ͑h Ӷ R͒ differs from previous studies 12, 16 in that, it gives a spike of magnetic field under the disk edge. Figure 1(a) shows the magnetic profile produced by the 2 m diameter disk at the site of the 2DEG. 17 We term this profile a magnetic corral because the height of the magnetic spike at the edge of the disk is Ϸ0.7 T compared to Ϸ0.1 T at the center. Hence, the magnetic gradient binds magnetic edge states around the loop. The trajectory shown in Fig. 1(a) is the shortest periodic orbit possible: at this value of the external magnetic field ͑B a = 0.4 T͒, no periodic orbit can complete one revolution around the corral with n Ͻ 18 bounces. The Hall bar was sufficiently wide ͑8 m͒ to avoid the reflection of magnetic edge states by the channel boundaries. 18 A metal gate was finally fabricated over the dysprosium disks that covered approximately the area of the micrograph- Fig. 1(b) (inset). The gate was biassed to vary the electron density and the elastic mean free path, l = ͑5.0-7.3͒m. The magnetoresistance was measured at 4 K. The external magnetic field ͑B a ͒ was supplied by a 1 T superconducting solenoid and oriented normal to the 2DEG. Figure 1 (b) plots the magnetoresistance across the 2 m dot at several values of the gate bias. The V g = + 0.24 V curve and its second derivative (lowest curve) shows a series of quasiperiodic oscillations that are the main feature of inter-est. The resistance minima are labeled from =1 at B a Ϸ 0 T up to = 25 near the onset of the Shubnikov-de Haas effect at 0.6 T. In contrast to the Shubnikov-de Haas oscillations, their amplitude is regular at slightly less than 1% of the total resistance throughout this range. Several curves in Fig. 1 (b) suggest a dampening of these oscillations when B a Ͼ 0.45. We observe that these oscillations are quenched above 12 K as expected from a ballistic effect.
As the gate voltage decreases, the oscillation period increases from 21 mT at V g = 0.24 V to 32 mT at V g = 0.12 V. Between 0 Ͻ V g Ͻ 0.12 V (not shown) this structure becomes irregular as the peak amplitude increases and some of the peaks seem to merge. The 3 and 4 m dots were also studied but, at 4 K, these failed to show any convincing evidence of periodic oscillations. A B-periodic oscillatory dependence was, however, reproduced in the bend resistance of inverted magnetic corrals. These corrals were produced by a Dy pattern which is the negative of Fig. 1 -inset, since it shows 2 and 3 m holes in the Dy layer in the place of the disks. Under positive gate bias, the oscillation period varied in the range 25-34 mT. This was, in turn, compared to the bend resistance of the intermediate Hall junction, between the 2 and 3 m inverted corrals, which has uniform dysprosium coverage. The latter showed no oscillations. This leads us to conclude that oscillations originate from the circular magnetic edge rather than from underneath the dysprosium film.
The knowledge of the magnetization curve is important to interpret these oscillations. Thus, we performed Hall magnetometry on several devices with uniform dysprosium coverage (film thickness: 75 nm). The raw Hall curves had negligible hysteresis. This is because the magnetization of Dy is free to move perpendicular to the surface of GaAs. 13 Hall curves appeared as the sum of a nonlinear resistance due to the stray magnetic field of the film and the ordinary linear resistance due to the external magnetic field. We substracted this linear background and plotted the stray magnetic field in Fig. 2 . This shows a clear saturation at 10.5 mT; a value that we checked against the theoretical stray field emanating from the Dy film at saturation. 17 Using 0 M sat = 3.67 T (Dy), 50 nm for the depth of the 2DEG below the surface and h = 75 nm, we calculate a stray field of 16 mT. Given the noncrystalline nature of our Dy films, it is plausible that the film magnetization has reached saturation when the stray field is 10.5 mT. Since the latter is proportional to the magnetization, 17 it is easy to obtain the magnetization scale in Fig. 2 . Figure 2 shows that in the 0.2-1.0 T range that we shall model, the magnetization is more than 70% saturated.
Before discussing the origin of the oscillations, we note that at B a Ϸ 0, magnetic barrier disorder at the center of the channel will either backscatter electrons 19, 20 or trap them in loops of zero magnetic field, 12, 21 in both cases enhancing the resistance. The cutoff magnetic field ͑B a = 0.112 T͒ gives a cyclotron diameter ͑2R c = 2.9 m͒. that allows orbits to pass through the 3 m gap between each side of the disk and the channel boundaries.
At 4 K, the thermal length ͑1.7 m͒ 22 is too short to allow quantum interference effects. 23 Besides the period of Aharonov-Bohm oscillations around the corral would be 60 times smaller than those observed here. It is rather more likely that among all semiclassical orbits drifting round the corral perimeter, some are sufficiently stable to explain the resistance oscillations. We shall, in particular, seek those orbits that are periodic and for this, we must calculate the angle n at which a Fermi electron shot from the corral perimeter will return to the point of departure after n bounces around the corral. Newton's equation of motion was integrated by considering the simplified magnetic profile of Fig. 3 which assumes a constant magnetic field: B 1 + B a ͑B 2 + B a ͒ inside (outside) the corral. This averaging procedure, previously used in Refs. 11, 12, and 16, gives B 1 = + 0.55 T and B 2 = −0.05 T as the average modulation field within the area swept by the ring modes. We then calculated the angle 1 ͑ 2 ͒ corresponding to the arc of circle intercepted by the segment of trajectory inside (outside) the corral-see Fig. 3 . We find
where a 1 = eR͑B 1 + B a ͒ / បk F and k F = ͱ 2n s . One obtains 2 by substituting a 1 → a 2 and → − in Eq. (1) with a 2 = eR͑B 2 + B a ͒ / បk F . The edge state wavelength, made of the these two segments of trajectory, repeats itself along the perimeter, each time the electron traveling an arc: 2 − 1 . Orbits that return to their point of departure after one revolution around the disk must therefore satisfy:
This condition determines the initial angle, n , of single periodicity orbits. For all other angles n edge states return to the point of departure after two or more revolutions around the corral. These multiperiodic orbits are considerably longer than the mean free path and therefore are more likely to be scattered or disturbed by external perturbations.
The manifold of single periodicity orbits splits into discrete ring modes n = ͕n min , n min +1,n min +2...ϱ͖. Each of these modes is made of two orbits because Eq. (2) admits two solutions n for a given n. The orbit pair belonging to annular mode n = 4 is shown in Fig. 3 . As the magnetic field increases, both values of n tend towards a common limit and at this critical angle both orbits merge and disappear. The conversion from pinned to runaway orbits produces a drop in the resistance. The n min annulus is expelled first. A further increment in B a repeats the process for n min + 1 and so forth. Broadly speaking, the external magnetic field reduces the drift velocity of the orbit guiding center. The reduction in the distance traveled between consecutive bounces must therefore be compensated by an increase in the number of bounces around the perimeter. We calculated the magnetic field at which each annular mode is expelled from the corral using Eq. (2). The mode number was then plotted as a function of the depinning magnetic field in Fig. 4(a) (solid lines) . Also plotted in this graph is the position of the resistance minima in Fig. 1 . The fanlike structure demonstrates the periodicity of the oscillations for 0.12 V Ͻ V g Ͻ 0.24 V which is well reproduced by our model. In the ideal scenario one would have n = . However, the best fit was obtained by shifting the three theoretical branches up by one, namely by taking: n = + 1. The fit of the V g = + 0.24 V branch was otherwise excellent. a 1 and a 2 were calculated directly from the measured electron density and the values B 1 = 0.55 T and B 2 = −0.05 T. The theory seems to reproduce the slight superlinear trend in the V g = 0.24 V branch. The lower bound of the theoretical line at B a = 0.18 T ͑a 2 =1͒, corresponds to the suppression of ring modes. Below B a = 0.18 T, the theoretical interpretation is complicated by trajectories skipping across opposite edges of the dot and by the vanishing magnetization. Our theory predicts an increase in the oscillation period either by increasing the height of the magnetic barrier or by decreasing the electron density. The latter is the opposite of the experimental trend in Fig. 4(a) . We resolve this discrepancy, by assuming that the electron density underneath the dysprosium disk decreases faster than in the surrounding area as the gate voltage decreases (possibly due to local strain). We found a good fit of the 0.14 and 0.12 V branches by taking n s = 5.8 ϫ 10 15 m −2 and n s = 2.6ϫ 10 15 m −2 under the disk, respectively. This assumption works equally well for inverted corrals. In this situation the dysprosium covered areas are swapped explaining the opposite dependence of the periodicity with n s . Our simple theory overall gives an accurate estimate of the oscillation period which supports the formation of discrete electronic annuli encircling the magnetic corral.
We finally calculated the length ͑L͒ of the orbit about to be depinned to evaluate the probability for it to be ballistic. This, in turn, we relate to the amplitude of the periodic oscillations which is ϰexp͑−L / l͒. Our simple model gives
where n is calculated at the depinning value of the magnetic field when both orbits belonging to annulus n merge. L is plotted in Fig. 4(b) . This graph shows that the orbit length varies between 1 and 3 times the mean free path, giving 40% -5% chances of completing one revolution. The smaller probability is found at higher magnetic field where the increasingly large number of bounces within the lowest annular mode increases L. This argument qualitatively explains the reduction in the amplitude of the oscillations already noted at B a Ͼ 0.45T in Fig. 1(b) . Figure 4 (b) also explains why the oscillation amplitude is independent on the gate voltage. These oscillations are ballistic effects which, a priori, ought to be enhanced when the mean free path increases. At a given magnetic field, Fig. 4(b) shows that L increases with n s canceling effects of the increase in the mean free path. The inset of Fig. 4(a) plots the ratio L / l as a function V g at B = 0.4 T (open squares). L was calculated while l was deduced from the measured electron density and zero field resistance. This ratio is independent of n s in agreement with the observed behavior of the oscillation amplitude (filled squares). In summary, we investigated the magnetoresistance of a magnetic corral where edge effects predominate. B-periodic oscillations are well explained by assuming that orbits with the shortest period are the most stable. These form discrete annular modes that are expelled one after the other by the external magnetic field. Magnetic edges are essential to the observation of these effects because they give 100% specular reflections that preserve electron trajectories after a large number of bounces.
